The spin-1 2 XYZ model with periodic boundary and anti-periodic boundary conditions are studied via the off-diagonal Bethe ansatz method. General spectrum of the Hamiltonian for each condition is derived by constructing an extended T-Q ansatz which allows us to treat both even N and odd N cases in an unified framework.
Introduction
The spin- 1 2 XYZ model is a typical model in statistical physics, one-dimensional magnetism and the quantum communication. The first exact solution of the model with periodic boundary condition was derived by Baxter [1, 2, 3, 4] based on its intrinsic relationship to the classical two-dimensional eight-vertex model. In his famous series works, the fundamental equation (the so called Yang-Baxter equation [5, 6, 7] ) and the T-Q method were proposed.
Subsequently, Takhtadzhan and Faddeev [8] resolved the model by the algebraic Bethe ansatz method [9, 10] . In both Baxter's method and Takhatadzhan and Faddeev's method, a local gauge transformation has played a very important role in making it possible to obtain a proper local vacuum state (or reference state) on which the conventional Bethe ansatz analysis can be applied. However, such a proper local state is so far only available for even number of sites. In fact, for the odd site number case such a proper local state is still missing.
This gives rise to a longstanding problem for exact solutions of the XYZ model of the odd number of sites with periodic boundary condition. The obstacle for applying those methods to the latter case lies in the absence of a proper local vacuum in the usual Bethe ansatz methods, which is a common feature of the integrable models without U(1) symmetry and has been a very important and difficult issue in the field.
In this paper, we revisit the XYZ model by employing the off-diagonal Bethe ansatz method proposed recently by the present authors [11, 12, 13] The coupling constants are expressed in terms of some elliptic function
, J y = e iπη σ(η +
with the elliptic function σ(u) defined by (2.2) below and σ x , σ y , σ z are the usual Pauli matrices. The Hamiltonian with periodic boundary condition
and anti-periodic boundary condition (or the quantum topological spin ring [11] )
both are integrable. General spectrum of the Hamiltonian with the boundary conditions are obtained by constructing an extended T-Q ansatz which allows us to treat both even N and odd N cases in an unified framework.
The paper is organized as follows. Section 2 serves as an introduction of our notations and some basic ingredients. After briefly describing the inhomogeneous XYZ spin chains
with periodic boundary conditions, we derive the operator product identities of the transfer matrices at some special points of the spectral parameter. In Section 3, the T-Q ansatz for the eigenvalues of the transfer matrix and the corresponding Bethe ansatz equations (BAEs) of the model with both even N and odd N cases are constructed based on the operator product identities of the transfer matrix and its quasi-periodic properties. Section 4 is attributed to the exact solution of the XYZ spin chain with the antiperiodic boundary condition. In Section 5, we summarize our results and give some discussions. Some useful identities of elliptic functions are listed in Appendix A.
Transfer matrix
Let us fix a generic complex number τ such that Im(τ ) > 0 and a generic complex number η. Introduce the following elliptic functions
Among them the σ-function satisfies the following identity:
3)
which will be useful in deriving equations in the following.
The well-known eight-vertex model R-matrix R(u) ∈ End(C 2 ⊗ C 2 ) is given by
Here u is the spectral parameter and η is the so-called crossing parameter. In addition to the quantum Yang-Baxter equation,
the R-matrix also satisfies the following properties:
Initial condition :
Unitarity relation :
Crossing relation :
PT-symmetry :
10)
Antisymmetry :
Here R 21 (u) = P 12 R 12 (u)P 12 with P 12 being the usual permutation operator and t i denotes transposition in the i-th space. Throughout this paper we adopt the standard notations: for any matrix A ∈ End(C 2 ), A j is an embedding operator in the tensor space
which acts as A on the j-th space and as identity on the other factor spaces; R i j (u) is an embedding operator of R-matrix in the tensor space, which acts as identity on the factor spaces except for the i-th and j-th ones.
Let us introduce the monodromy matrix
where {θ j |j = 1, · · · , N} are generic free complex parameters which are usually called as inhomogeneous parameters. The transfer matrix t(u) of the inhomogeneous XYZ chain with periodic boundary condition is given by [7] t(u) = tr 0 {T 0 (u)} , (2.14)
tr 0 denotes trace over the "auxiliary space" 0. The Hamiltonian (1.1) with the periodic boundary condition is given by Let us evaluate the transfer matrix of the closed chain at some special points. The initial condition of the R-matrix: R 12 (0) = P 12 implies that
The crossing relation equation (2.9) enables one to have
Then the unitary relation (2.8) leads to the following operator identity (which was also obtained previously in [14] by quantum separation of variables method)
For generic values of {θ j }, the quantum determinant of the monodromy matrix T (u) is proportional to the identity operator
Using the unitary relation (2.8) and explicit expressions (2.16) of the transfer matrix at special points, one may derive the following operator identity [15, 16] :
The quasi-periodicity of the elliptic functions σ-function
allow one to derive the quasi-periodic properties of the R-matrix
The above relations imply that the transfer matrix t(u) also satisfies the following quasiperiodic properties
In the next section we shall show that the above quasi-periodic properties and the very relation (2.17) and (2.20) allow us to determine the spectrum Λ(u) of the transfer matrix t(u) given by (2.14).
Functional relations and the T-Q relation
The commutativity of the transfer matrices with different spectrum implies that they have common eigenstates. Let |Ψ be an eigenstate of t(u), which does not depend upon u, with the eigenvalue Λ(u), i.e.,
The analyticity of the R-matrix implies the following analytic property of eigenvalue Λ(u) of the transfer matrix:
The quasi-periodic properties of the transfer matrix (2.21) and (2.22) enable us to derive that the corresponding eigenvalue Λ(u) also has the following quasi-periodic properties:
The analytic property (3.1) and the quasi-periodic properties (3.2)-(3.3) of the eigenvalue Λ(u) indicate that Λ(u), as a function of u, is an elliptic polynomial of degree N. Moreover, the very operator identity (2.17) and (2.20) lead to that the corresponding eigenvalue Λ(u) satisfies the following relation
The above equations (3.1)-(3.5) can determine the function Λ(u). We can construct the solution of these equations in terms of a generalized T-Q relation (cf. [7] )
where l 1 is a certain integer, and M and n are two non-negative integers which satisfy the following relation
It is remarked that n is even if N is even, while n is odd if N is odd. The functions Q 1 (u) and Q 2 (u) are parameterized by 2M unequal parameters {µ j |j = 1, . . . , M} and {ν j |j = 1, . . . , M} as follows,
In order that the function (3.6) becomes the solution of equations (3.1) -(3.4), the 2M + 2 parameters should satisfy the following 2M + 2 equations (required by the regularity of Λ(u), i.e., an elliptic polynomial of degree N)
The equations (3.11) and (3.12) ensure that the function (3.6) is an entire function of u, namely, the function satisfies (3.1). The equations (3.9) and (3.10) imply that the function (3.6) has the same quasi-periodic properties as (3.2)-(3.3). Notice the fact that σ(0) = 0, we can evaluate the function (3.6) at points θ j and θ j − η respectively,
, j = 1, . . . , N, which yields that
This implies that the function (3.6) indeed satisfied (3.1) -(3.4) provided that the the 2M +2 parameters φ, c, {µ j } and {ν j } satisfy the associated Bethe ansatz equations (BAEs) (3.9)-(3.12). Finally we conclude that the function (3.6) indeed satisfies (3.1) -(3.5) and gives the eigenvalue of the transfer matrix of the inhomogeneous XYZ model with periodic boundary condition, provided that the the 2M +2 parameters φ, c, {µ j } and {ν j } satisfy the associated Bethe ansatz equations (BAEs) (3.9)-(3.12) and the selection rule (3.5).
Taking the homogeneous limit θ j → 0, we have that the eigenvalue Λ(u) of the transfer matrix of the XYZ spin chain with the periodic boundary condition can be given by
where l 1 is a certain integer, the functions Q 1 (u) and Q 2 (u) are given by (3.8) . Here the 2M + 2 parameters c, φ, {µ j } and {ν j } satisfy the following BAEs
The resulting selection rule becomes
The eigenvalue of the Hamiltonian (1.1) with the periodic boundary condition is given by: 20) where the function ζ(u) is define by (2.2) and the parameters satisfy the corresponding BAEs (3.15)-(3.18) and the selection rule (3.19).
For a generic η
In this subsection we consider the case that η is a generic complex number. When the number N of the lattice size is an even number, it follows from the equations (3.17) and (3.18) that either µ j = ν k or µ j = ν k − η leads to the parameter c vanishing. Hence this induces an one-to-one correspondence between {µ j } and {ν k }, i.e., either µ j = ν k or µ j = ν k − η, in the case of c = 0. Combining with the equation (3.15) and the fact that η is a generic number we can conclude that in order to c = 0, the parameters have to satisfy the relations:
The resulting T-Q relation (3.14) is thus reduced to the conventional one
Then we can obtain the resulting BAEs and the resulting selection rule. Namely, the M + 1 parameters φ and {λ j } satisfy the following BAEs
Some remarks are in order. The BAEs (3.23) are just those obtained in Refs. [7, 8] , while the relation (3.24) gives rise to that the parameter φ takes a discrete value labeled by k = 1, . . . , N. On the other hand, c = 0 and µ j = ν k , ν k − η for arbitrary j, k may not lead to new solutions but different parametrizations as discussed by Baxter [17] that M = N/2 already gives a complete set of solutions for even N. We note a similar phenomenon also appears in the XXZ spin chain with unparallel boundary fields [18, 19, 20] , where the number M in the BAEs is also fixed. The numerical simulation [21, 22] indicates that the BAEs with a fixed M indeed give the complete solutions of the model.
When the number N of the lattice size is an odd number, it follows from (3.17) and (3.18) that the vanishing condition of c also leads to the parameters {µ j } and {ν j } having to form pairs either µ j = ν k or µ j = ν k − η. However, for a generic η both µ j = ν k or µ j = ν k − η cannot make the equation (3.15) satisfied due to the fact that in this case
This means that the solutions of the BAEs (3.15)-(3.18) with c = 0 actually do not exist for an odd N. Therefore for the XYZ chain with odd number sites and η being a generic complex number, the generalized T-Q relation (3.14) cannot be reduced to the conventional one like (3.22).
For some degenerate values of η
In this subsection we consider the case that η takes some discrete series of values in which case the corresponding T-Q relation (3.14) can be reduced to the conventional one [7, 8] no matter that N be even or odd.
For this purpose, let us first focus on the BAEs (3.17) and (3.18) . In order to have the solution corresponding to c = 0, the parameters {µ j } and {ν j } have to satisfy the following
It should be remarked that (3.16) is not necessary any more since c = 0. The relation (3.15) now reads
This implies that if the crossing parameter η takes some discrete values:
for some non-negative integer M 1 and some integers l 1 and m 1 , our general T-Q relation (3.14)
is indeed reduced to the conventional one [7, 8] because of c = 0, namely,
The M 1 + 1 parameters φ and {λ j } satisfy the associated BAEs
4 Results for the XYZ chain with antiperiodic boundary condition
Functional relations
Now let us consider the XYZ spin chain described by the Hamiltonian (1.1) but with an antiperiodic boundary condition (1.4), whose integrability is guaranteed by the associated transfer matrix t (a) (u) given by
where the monodromy matrix is still given by (2.13) . Following the method that we have used in Section 2, we can derive the following important functional relations of the transfer matrix t (a) (u) which allow us to determine the eigenvalue of the transfer matrix
It is easy to check that 6) which implies that the eigenvalue of the operator U given by (4.3) takes the values ±1 and it can be diagonalized with the transfer matrix t (a) (u) simultaneously. Let us denote the eigenvalue of the transfer matrix t (a) (u) by Λ(u), then the above identities enable us to derive the following relations of its eigenvalue 
T-Q relation
Similarly as that of the (inhomogeneous) XYZ spin chain with the periodic boundary condition, the relations (4.7)-(4.11) allow us to determine the eigenvalue Λ(u) of the transfer matrix t (a) (u) for the inhomogeneous XYZ spin chain with the antiperiodic boundary condition. After taking the homogeneous limit θ j → 0, we obtain the eigenvalue of the transfer matrix with the homogeneous limit. Namely the eigenvalue Λ(u) of the transfer matrix t (a) (u) (in the homogeneous limit) is given by
where l 1 is a certain integer, the functions Q 1 (u) and Q 2 (u) are given by (3.8). The nonnegative integers N, M and n satisfy the relation
The parameters c, φ, {µ j } and {ν j } satisfy the associated BAEs 17) and the selection rule
The eigenvalue of the Hamiltonian (1.1) with the anti-periodic boundary condition is then given by: 19) where the function ζ(u) is define by (2.2) and the parameters satisfy the corresponding BAEs (4.14)-(4.17) and the selection rule (4.18).
For a generic η, in contrast with the XYZ spin chain with the periodic boundary condition, there does not exist the solution with c = 0 of the BAEs (4.14)-(4.17). However, when η takes some discrete values labeled by two integers l 1 and m as follows: 
Conclusions
The spin-1 2
XYZ model described by the Hamiltonian (1.1) with the periodic boundary condition (1.3) and the anti-periodic boundary condition (1.4) are studied via the off-diagonal Bethe ansatz method [11, 12, 13] . The eigenvalues of the transfer matrix of the model are given in terms of an extended T-Q ansatz (3.14) and (4.12) which allow us to treat both even N and odd N cases in an unified framework. For a generic crossing parameter η, our solution can be reduced to Baxter's solution only for the periodic chain with an even N, while for all the other cases (odd N and antiperiodic boundary condition) an extra term (the third term in (3.14) or (4.12)) has to be added in the T-Q relation. However, if the crossing parameter η take some degenerate values ((3.25) for the periodic boundary condition and (4.20) for the antiperiodic boundary condition), the corresponding T-Q relation indeed can be reduced to the conventional one. It should be emphasized that these degenerate points become dense in the whole complex η-plane in the thermodynamic limit (N → ∞). This enables one to obtain the thermodynamic properties (up to the order of O(N −2 )) of the XYZ model for generic values of η via the conventional thermodynamic Bethe ansatz methods [10, 23] . This method has been proven to be very successful in the study of the surface energy of the XXZ spin chain with arbitrary boundary fields [24] .
